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Liouville model — CFT of rang 1
¢(z,t), S'xR, ¢(z+2m,t) = ¢(x,t)

b1t — dzz + €29 =0

1 27
=g [P+ o, {n(@),0(0)} = 13(a—)
Zero curvature presentation
=% 1, Lo=1
1 — d$ 1 0O — dt 0



Free field realization via chiral fields

x(x) = q+ px + xo(z), ¢,p-+ oscillators
Reflection p — —p

Origine?
Holonomy T, = LT, T; = LoT, T(0,0) =1

B A(x,t) B(xz,t)
T(x,t) = (C(w,t) D(wat)>

A(z,t) _ C(x,t)

f(0) =00, g(0)=0

26 _ _, J@—0)g(@+1)
(f(z —1t) — g(z +1))?

= g(z +1)

fla,t) =




T(2w,0) =M = (CCL 2) monodromy for t =0
Fot2m) = MUF@) = §rs ala+2m) = M(g@)

Invariants — tr M = a—+d and fixed points &, n — solutions
of

b&? — (a+ d)é—c=0

MN = ND

(1 —1/¢ _(xo0
v= (2 V) 2= (o)

[P (gA—nA—l >\—>\_1>
¢—np\=&n =271 ex-t—n



Poisson structure (Takhtajan, L.F. 1984)

{a,b} = ~vab, {a,c} = yac, {d,b} = —~db,
{d,c} = —~ydec, {a,d} =2vbc, {b,c} =0

o’ = b/c — central element
)\=6P, fzaeQ, nz—ae_Q

PQr=v {a,P}=0, {,Q}=0



J =
—f/§+1

f(0) = —¢ = —ae?,  f(2r) = I F(0)

Inf(z)/ —a=Q+ Pz/2n + x(x), x(x) — periodic

Reflection P — — P — Weyl reflection
Convention P >0

_ 1 (Ch(Q+P) aShP
~ chQ\ a”l'shP Ch(Q - P)

F=N(H =




Evolution (Volkov, L.F. 2008)

t
M(2r) MQ2r) =K 1MO)K
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K /F KT

\ K can be expressed
M(0) 2r x via a,b,c,d

n

Sh P 1 Z_1

Z 1
_¢h@+npP) (Zol_I_ZOZl Zao)
aZg o

Zpnt1Zn-1=1+2Z5, {Zn,Zn-1} =vZnZp-1

tr M — integral of motion



Different variables

Mz( u+v o v/u)) (0} = 2

a ljo/u  wul

Up41 = Un T VUn

VUpt1 = uglvn(un - vn)_l

(P, Q) < (u,v) nontrivial canonical transformation

Easier in quantum variant



Quantization

1
y=7nT, T=—, WwWw = 2 half periods

Lo(R), uf(z) = e ™/9f(x), ovf(z) = f(z+ 2u)

>0, w,w — pure imaginary

Domain: f = e~ % eB2P(z)

u,v — positive, essentially selfadjoint



Up41 = U~ tunU, Vpt1 = U~ Lo, U
B(u)f(z) = ™ f ()
Ff(z) = /e_zmyf(y) dy
ulF = Fv, vF = Fuy 1

P(u)f(z) =v(z)f(z)

~(x) — modular quantum dilogarithm
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Return to @, P
Begin with the diagonilization of tr M

tr Mep = (u 4+ u"t +0)(z, s) = (79 4 71/ W)y
p(x,8) = y(ats—w")y(z—s—w)e M@= — 4y
v(z — ") ~ E, W — W’ — 40
€T

Orthonormal (Kashaev, 2002)

N / _ 1 / /
/w(ac, s)Y(x, s )dr = (5) ((5(8 — s )4+ 6(s+s ))
p(s) = —4sin%ssin7;—f

/Ooo Y(z, )Y (y, s)p(s)ds = §(z — y)
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R: @) =g = [ [@(s)d

g(s) = g(—s)
R : LQ(R) — LQ(R_I_, p)
ZoR = q1/4u1/2v—1/2R = Ri(r—r 1) (z—2z"1) "t = %igi

rf(s) = f(s+'), zf(s) =e ™/f(s), zr=qrz

order of factors, even to even, essentially selfadjoint
p(s) = M(s)M(—s), Mg(s) = M(s)g(s) = h(s)

M(s) = 2™y (25 40", M(s) = M(—s)
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1 1
T
z—z"1 z— 2~

ZoRM = r~1 + - — selfadjoint in Ly(R)

M(—s)

h(—s) = S(s)h(s), S(s)= M (5)

1 / /
n= 5(5(3 — )+ S(s)5(s + s ))
M — projector, ML>(R)

Evolution
RUR™1h(s) = e 2™5° ()

Conclusion:
The natural Hilbert space for the zero modes is sub-

space of L>(R) defined via reflection coefficient S(s)
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