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IMPMMEPBI TAMMWJBTOHOBBIX CTPYKTYP
B TEOPUU MHTETI'PUPYEMBIX MO/JEJIEN
N NX KBAHTOBAHUE

© JI. 0. DAOOEEB

Bomoas BycaaeB cTas MouM [UIIOMHBIM CTYAEHTOM, KOTJa A caM ObLI aCIu-
PAaHTOM U He MOT OBITH ero (pOPMAIBLHBIM PYKOBOAUTENEM. MBI 3aHUMAIUCH
TOHKMMY BOIPOCAMHU CIIEKTPAILHON TEOPHUH A 33124 C HEIIPEPHIBHLIM CITEK-
TpoM. A 3aTeM OH HallleJ CBOU IIyTh B MATEMATHUKY. [yMar0, 9T0 TEKCT HUXKE
emy Obl moHpaBmwiIcsi. [Ipobmema KBAHTOBAHUS €r0 BCErIa, MHTEPECOBAJIA, U €r0
pabora ,,IIpousBogamui MHTErpal 1 KAHOHUIECKUH oneparop MacaoBa B Me-
toge BKB* [1] saBrsercsa BaxHBIM BKIaI0M B (POPMUPOBAHUE DTOTO HOHATHUL.

Wsnoxennoe HUXE OCHOBAHO HA MOUX JOKIAJAX, CACIAHHBIX Ocerbio 2012 r.
¥ TOCBAIIEHHBIX OMMUCAHUIO IIPUMEDPOB MaMUIbTOHOBLIX CTPYKTYP U X KBAHTO-
BAaHUsA, C KOTOPBIMU S CTAIKUBAJICI paHee, pa3pabaThiBasg TEOPUIO UHTECPUPY-
€MBIX DBOJMIONMOHHBIX YPABHEHUU HA ABYMEPHOM HPOCTPAHCTBE-BPEMEHU CO-
BMmecTHO ¢ B. 3axaposeiM, JI. TaxTamxanom u A. BoikoBbiM.

Asnrebpa HAOIIO JAEMBIX KIACCUIECKON MEXAHUKN IPENCTABIIAET COO0U KOM-
MyTaTuBHYIO anre6py dyuakumiu f(£) ma daszosom npocrpancrse I' ¢ Koopau-
maramu ¢ co crpykrypou anrebpst Jlu { f, g}, koropas asiserca nuddepen-
IUPOBAHUEM TIPOU3BEIEHUSA

{fvgh} = {fvg}h + {fa h}g'

AcHo, 9TO Takas CTPYKTypa HMeeT BU[

{f.g} = Q(€)0af Doy,

Pabora Hag >TOU CTaThel IaCTUYHO moAgAepxkaHa rpanTamu PDODPU 11-01-00570-a,
11-01-12037-o¢m-M, nmporpammoun PAH | Maremarudeckue npoGIeMBl HEIMHEUHOW JUHA-
MUKH “.

193



194 JI. 1. PAIIEEB

rje aHTHCAMMETPUIHBIA KOBAPDUMAHTHBIA TeH30p 2-ro pamra Q%(¢) ymosume-
TBOPAET YCJIOBUIO

akQ“”Q’“ + 8kaCQka + 8kaka =0,
obecmedmBalonemMy TOXaecTBo Axobu

{f.g} 0} +{{h. f}, 9} +{{g,n}, f} = 0.

Temszop Q%(£) MOXHO paccMATPUBATL KAK CKOOKY KOODIHHAT

{¢.€" =)
1 Ha3bIBaThL ee cKOOkou Ilyaccoma. Ecam pasmeprocTs I' 9eTHas m MaTpu-
na Q% HeBBIpOXK IeHA, TO OOpaTHAS MATPHUIA ()4, OLUpEeIIeT 3AMKHYTYIO 2-
dopmy
Q= Qupd® Ade®, dQ=0

u [' aBnderca cuMiuieK Tu<ecKuM MHOTooOpasueM. Teopema, [lap6y B 5TOM cay-
qae yTBEPXKIAaeT, ITO 3aMeHOH mepeMeHHBIX (£%) — (p', ;) aTa dopma mpn-
BOJIUTCA K BUAY

Q = dp® A dg;.
[Tepemennbie pi, ¢; (0600UIEHHBIE MMITYIBCHI U KOOPAMHATEL) HA3BIBAIOTCA Ka-
HOHUYICCKNMU.

[uHaMuka — pasBuTHE CO BDEMEHEM — ONIPEIEIIeTCA YPABHEHUAMY [TBU-

KEHUS P

T —m,
rae BblIAeTeHHAs Habmomaemas H Ha3bIBaeTCA dHEpruew wiau (pyHkiuen [a-
vuabToHa. Tpouka (I, Q, H) Ha3eIBaeTCA raMuIbTOHOBOU CTPyKTypou. Ksan-
TOBAaHUE If'a,MHJIbTOHOBOfI CTPYKTYDPbI — €€ HCKOMMY TaTUBHAA rZIeCl)OpMa,III/IH —
HE IMEeeT OJHO3HATHOI'O MOAXONA U TPEOyeT ONPENeNeHHOT0 POLa UCKYCCTBA.

§1. lMpumepbl ckobok

ITpumep 1. AGeneB Tok [2]. Koopaunaramu (6eckoHeIHOMEPHOrO) (haszo-
BOI'O IPOCTPAHCTBA ABIAIOTCA MyHKIUY p(2) HA OcH —00 < & < 00 €O CKOOKON
IIyaccona

{p(z),p(y)} = 0'(z —y).

AuTUCUMMETDUA OYEBUIHA, & TOXAECTBO SIKOOM BHINOIHAECTCA TPUBUAILHO,
TaK KaK IPaBasg IaCTh HE 3aBUCUT OT KoopamuaT. Koopamaara

Q= /_Zp(w)dw

ABIAECTCA IEHTPAJbHOU.
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[Ipocrenmuy raMuaIbTOHUAH

OPpUBOOUT K YPABHCHUAM NBUXCHUA

pt(xJ t) = _pw($7 t)
¢ pelleHreM
p(.’L‘,t) = p($ - t)a
1 TaKUM O00Pa3oM POJb DBOMIONUA UI'PAET MIPOCTOU CABUL.
Memnee TpHBH&JIbHI:IfI rraMWIbTOHNAH

L [>1, 3
HIZ_ (_pa; +p )dm

2 ) 2
MIPUBOAUT K ypaBHeHUIO KopTeBera—me-Ppusa

8?5 + 6pp:1: + Paax = 0.

BBemem HOBBIE KOODAMHATHI

s(x) = p* + s
nocuuraeM ux ckobky Ilyaccona m momy4amm

{s(2),5()} = 2(s(2) + s())'(z — y) + 8" (z —y).

dra ckoOka HasbBaerca ckoOkon Marpu [3]. 2Kepse [4] 3amermi, uro sTa
CKOOKa TpPenCTaBIgeT COOOU KIACCHMYECKUN AHAJOT KOMMYTATOpa B aaredpe
Bupacopo — mnenrpansHOM pacmmpennu aarebpsr auddeomMopdu3MoB mpsi-
mout u 8" (2 — y) urpaer poab COOTBETCTBYIOMIETO 2-KOIUKJIA.

IIpumep 2. Mogeas JInyBumisa. KoopamaaTs! (pa30BOro mpoCTPpaHCTBA —
KaHOHWYIEeCKue mepeMeHHsie 7(x), ¢(z) co ckobkou

{r(z),d(x)} =d(z —y).
laMuibToHMAH

1
H= 5/(7r2+¢§;+62¢)d$

OPUBOAUT K yPABHEHUAM JBUXKECHUA
b — o + €% =0,
pelIeHne KOTOPOro mapaMerpusyercsa AsyMms Gyukuuamu f(z), g(z) B Buge
o Platida-t
(e +0) — gl — 1)’




196 JI. 1. PAIIEEB

B [5] JI. Taxranxan u a cocunramu ckobku [Iyaccona komnonent f(z) u g(z).
[Ipuseny omay w3 HUX

{F(2), f)} = el@ = ) (f(=) = fW))" + f2(@) - F (). (2)
3nech €(x) — 3HAK MEPEMEHHOU T
e(z)y=1, z>0; €(z)=-1, z<0.

AHTHCUMMETPUIHOCTDL OYEBUAHA, HO TOXIECTBO SK0oOM HATO TPOBEPATH.
OcTaBio 5T0 IUTATEITIO.
IIpeobpazoBanue Mébuyca
fla) = m(p) = SHDEE
f(z) +d
rae marpuna M = (‘CL g) BEIIECTBEHHAA U YHUMO YIAPHASL, BMECTE C TAKUM XKE
npeobpa3oBaHueM A ¢ OCTABIAIOT HoJde ¢ maBapuanTHBIM. CkoOku mis f,
NPUBEJCHHBIE BBILE, HE WHBAPWAHTHBI, ogHako aencteue SL(2,R) asmaser-
ca IlyaccoHOBBIM — mpu mepecteTe CKOOKYM TPAaHC(POPMUPOBAHHBIX IIEPEMEH-
HBIX clenyeT yauTeiBaTh IlyacconoBy ctpykrypy SL(2,R) — ckobky Cxkis-
HuHA [6].
[IpuBenem mpomeaypy peayKIuu — 3aMEHBI IePEMEeHHBIX, T0CIe[OBATEIb-
HO yHmYTOXaoomen geuctsua SL(2,R) — casur, npeobpasosanue nogobus u
MHBEPCHUI. JTO COOTBETCTBEHHO

3aMmena 1
£(z) = f'(2),
3aMeHa, 2
pla) = —5 (e = ~5%,
3aMeHa 3

Jlerko BugeTh, 9TO

=50 =5 (5 =5(7))

— oro npoussoauas [[Isapua or f, KOTOpas MHBAPUAHTHA, IPU JEUCTBUK [IPE-
obpasoBanusa MébGuyca Ha f.
CooTBeTCTBYIOIMKE CKOOKU UMEIOT BU I

{&(@), (W)} = —2e(z — )& (2)¢(y),
{p(z),p(y)} = &' (z —y),

a CKOOKy s $(Z) MBI yXke 3HAEM.

(3)



INPUMEPBI TAMWMJIBTOHOBBIX CTPYKTYP 197

§2. [lnckpeTunsaums

KpanToBanue GeCKOHEIHOMEDHBIX Alre6p HaOIIOLAEMBIX CTAJKABACTCI C
OIIPEIEJEHHBIMYU TPYIHOCTAME 1 TPpeOyeT Tex Win UHbIX perymaapusanui. Ciy-
9all OHOMEPHOT'0 MPOCTPAHCTBA, KAK B HAIIMX IIPUMEPAX, HE CIUIIKOM CJO-
XKeH, ¥, KaK [PABUIO, CIHEIUAINCTH IPUOEraloT K IOHATHUIO ,,HOPMAILHOIO
npousBegeHuA”. fI, OQHAKO, HPEINOYUTAI PEryAPU3ANNI0, BO3HUKAIOUIYIO
X 3aMeHe HeNPEPLIBHOU IIEPEMEHHON & ee TUCKPeTHLIME aHajtoramu. [lycrs
A — WHTepBaI OJHOMEDHOU PeIIeTKY, KOTOpasd 3aMeHdAeT BeIeCTBEHHYIO OCh,
¥ 1 — HOMep Ha 3TOH enodke. PopMaibHO MBI numeM & = nA 1 BMecTo (z)
“MeeM [IEPEMEHHYIO 1.

Haunewm ¢ mHamBrOro 06006menus cko6ku (2)

{fnufm}:Emn(fm_fn)2+fgz_fgu €mn =1, m >n; €ny =—1, m <n,

u npopeiraeM peaykuumio 1 — 2 — 3. Oka3bIBaeTCA, YTO HAMBHAA JUCKPETH-
3anus

En = fn+1 — fns
_ fn_fnJrl
Pn = £ +§n+1’

spn = (1 +pn)(Pnt1 — 1)
[IPUBOJUT K yAOBIETBOPUTEILHBEIM pe3yabTaTaMm. Hampumep, moay<um

(fnr1 — fo)(fnes — fni2)

T Furz — Fo) (Fare — fa1)

— HHBAPHUAHTHOE aHI'apMOHHNYIECKOE€ OTHOIICHHE. Bomxee sreranTHas 3ameHa
Ha BTOPOM LIare

£n+1
w =
"y

naer

Sn=(1+wn)(1+wyjy) = s, (4)
u 6osee mpocThie CKOOKU (MBI OyI€M MUCATH TOABLKO HETPUBUAILHBIE)

{wnawn+1} = _2'wn'wn+17
{§n7 §n+1} = §n=§n+1 - §n - =§n+17 (5)
S Sn8n+2
{3n73n+2} = 77n+
Sn+1

Kax Bumgum, npeqmoxenHas AUCKPETUIAMUA IPUBEJIA K BIIOJIHE CAMOCOIJIACO-
BAHHBIM PE3yJbTaTaM.
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§3. KeaHTOBaHMe
Haunem ¢ kBa3maokarbHbIX CKOOOK (5), KOTOPBIE, O9E€BUIHO, JAIOT AUCKDe-

TU3anUIo CKOOOK (2), eciu mepexoauTh K HENPEPBIBHOMY IIPEETy

wy, = P,

KBauToBanume mpespamaer w, B 06pasyolme HEKOMMYTATABHON AJIreGphbI
C COOTHOLICHUAMU

WpWp41 = qzwn+1wn7 q= eihu (6)
rae h — nocrosunas [lnanka. [lenrcTBurensro, popmaibao npu A — 0 Mbl
nMeeMm

WpWp41 = (1 + 2ih)wy 1wy,
U TIPU COOTBETCTBUMI

ila,b]
ol a0y

noxygaeMm ckobky (5). Takum o6pasom, cooTHOmeHue (6) ABIAETCS KBAHTOBA-
HueM ckoOku Ilyaccona (5).

[TocMoTpUM Temephb, 9TO COOTBETCTBYeT HabMogaeMou Hi, oCyecTBIo-
men casur. OUeBUAHO, 9TO STOT AHAJIOr eCTh omeparop K Takou, ITo

w, K = Kw,_1. (7)
Dopmanpao K [K0MXKEH UMETH BU[
—iHA
K =12,

rge H — xBaHTOBaHHBIA raMuabTOHUAH (1), U IpeACTABIATE COGOM YIOPALO-
YUBAHUE COOTBETCTBYIOMEN SKCIOHEHTHIL. 3aMEYIATENIbHO, ITO IIPYU HAIIEH JUC-
KPETHOU PEryIApU3AlNNA 3T [eIb NOCTUTAETCI TOYHO. PaccmoTpum dyHK-
o 6(w), yaoBIeTBOPAIOLIYIO (DYHKIMOHAILHOMY yPABHEHUIO

Olqw) 1
(g 'w)  w’ ®)

7 IIOJIOZKMM

K =[] 0(wn).

1 He 6yay BpaBaThbcsa B mpobieMy onpefeieHns TaKoro 6€CKOHEYHOrO IIPOu3-
Begenus. B pabore [5] Mbl paccMaTpUBAIM LHEPUOAUICCKUE IPAHUIHBIE YCIO0-
Busa. MOXHO MMETH [€I0 U C APYTUMU BapMAHTAMU, HO MBI OCTAHEMCS 31€Ch
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Ha (opmaabHOM yposHe. [lna nokasarenrscrsa (7) 4OCTATOYHO CAeraTh Cae-
AyIOIee OYeBUTHOE BLIYUCICHUE:

wpb(wp—1)0(wy) = 0(q_2wn_1)wn0(wn)
= 0(wp—1)q ' wp—1wpf(wy) = O(wy_1)qwnwy—10(wy)
= e(wn—l)qwne(q2wn)wn—1 = e(wn—l)e(wn)wn—la

1 TeM caMbIM (7) BBINOJHAETCH.
OTMmeTnM, ITO MOIYTHO MBI 3AMETHINA CTPYKTYPY IPYIIILL KOC: IIyCTh

by, = 0(W,,),
TOT A
bp—1bpbp—1 = bypby_1by.

Pemrenue ypaBuenus (8) B CTENEHHBIX PAAAX C TOYHOCTHIO 0 IOCTOAHHOIO
MHOXUTeNA TaeTCA B BUIE

Ow) = ¢ u, (9)

T.e. O-pyuknno. OIHAKO IId CXOQUMOCTH pAga cieqyeT TpeboBaTh yCIOBUE
lg| < 1, 9To mpoTUBOpeIUT BemwEecTBEHHOCTU KOHCTAHTHL [Lltanka. Mbr o6cy-
UM BBIXOJ U3 3TOU TPYAHOCTH B MOCICAHEM pa3jelie, a MOKa OCTAHEMCS Ha
ypOBHE (DOPMAIHHBIX PAIOB.

[TocmoTpuM, Kak B KBAHTOBOM CIydae peanusyerca mnpeobpasoBanue Mu-
ypul. [dus sToro npeacrasum 0(w) B Buge (popmyna fAxobn)

0(w) = r(w)r(w™),
rae r(w) yAOBIETBOPAET (PYHKIMOHAILHOMY YDABHEHUIO

riqw) 1
rig7lw)  1+w’

naeTca pOpMYJIOn

r(w) = H(l + ¢*"lw)

o n(n—1)/2
q n
=1+ w 10
nz:l(q—q‘l)---(Q”—q‘") (10)

=ex 7(_1)%0”
=P n(qg—q1)

7 MOXET ObITH HA3BAHA, ¢-aHAJIOrOM |'-(pyHKIUY, DKCIIOHEHTHL U AUIOTapudMa.
Mue Goublire BCEro MMIIOHUPYET TPETHE HA3BAHUE.
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Xora dynkmma r(w) moxer ObITH gaxe crapue, 9eMm O-byHKOus, ee uc-
[OJB30BAHUE B HEKOMMYTATUBHOM AHAJIU3€ MHOrO Moaoxe. OCHOBHOE CBOU-
cTBO, obHapyxenunoe [llyrnenbepxe [7], cocrouT B caepymoomeM: IycTh U U U
obpasyroT BemneBy mapy

uww = qg*ou.
Torma
r(w)r() =r(u+v). (11)
[IyTnenbepxep paccMaTpuBat 3Ty GOPMYTy KaK HEKOMMY TATUBHBIA aHAJOT
OUHOMMAIBHBIX TOXAECTB, UCIOIB3YS TEM CAMBIM UHTEpIpeTanuio 7 (w) Kak
q-I'-pyaKnumio.

B [2] A. BonkoB u s mokasauau, 4T0o ymHOxeHue r(u) u r(v) B o6paTHOM

HOpALKE TaeT COOTHOLICHUE

1

r(v)r(u) =r(u+v+q¢ uv),

koTopoe mpu nomoum (11) npeobpasyercs B popMyLy IHeHTArOHA

r(v)r(u) = r(u)r(g tuw)r(v).
B pa6ore [8] Kamaes u s mokasanm, 9TO B KBa3UKIACCUYECKOM IIpeAene mo-
cregEAA (HOPMYIa MEPEXONUT B M3BECTHOE HATUWIEHHOE TOXAECTBO A Jh-
Jorapudma Iuiaepa.
Mgur nCIoJab3yeM NIocCaeaHee COOTHOUNICHUE N/ OIINMCAHUA NTUCKPETHOI'O KBAH-
TOBOrO aHajora aare6pst Bupacopo. 3amedas, aro MaoxuTens 0(wy,)0(wy11)
B onpegeseHun oneparopa K MOXHO mepenmcaTs B BUAE

O(wn)0(wni1) = T(wgl)r(wn)r(w;-}-l)T(wn—l—l)

-1 1

= r(w, )r(wn + wﬁh +q wnw;}rl)T(wnH)a

MBI BuguM, 9T0 K mpumobperaeT SKBUBAJICHTHYIO (HOPMY

K= Hr(sn),

ruge
_ -1 -1 -1
Sp = Wy, —I—wn+1 +q Wy W,y -
OueBHHO, 9TO S; MAET €CTECTBEHHOE KBAHTOBAHUE KJIACCUIECKOU (HOpMYy-
aet (4). JaaHas GOpMyIMpOBKa AUCKpeTHOU aarebpel Bupacopo 6buia manHa
B [5]. A. Boakos [9] mokasax, 1aro remeparop d,, = r(s,) obragaeT cuCTEMOU

COOTHOIICHUN

dn+1dn—1dndn+1 = dn—ldn+1dn7
dndn—ldn—l—l = dn—ldndn—i—ldn—l-

['pynmoBou CMBICIK >TUX COOTHOIIEHUN €llle He BBIACHEH.
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§4. MogaynsipHbiin ay6nb

Kak yxe yka3slBaIoCh, pACCy K €HUs BBIIIE UMEIOT HEJOCTATOK — (POpPMY-
a1 (9) u (10) mmeror cmbica aumb opu gl < 1, a KBAHTOBOE IPOUCXOXK IEHUE
napamerpa ¢ Tpebyer, aTobbr |¢| = 1. Beixog u3 5TOro mosoxeHus gaeTcs
APYTUM BBIOOPOM PEIIEHHA >TUX yPaBHEHWU. PasBuTume 5TOro HAIpaBICHUA
umeet 15-meTHIO0 ncTOpUIo, HadYnHAA ¢ paboT [10, 11], u MBI onuueM pe3yiab-
TaT B CAaMOM KPATKOU (popMe.

3amnuiiemM reHepaTop wy, B BAeE

wy, = ePr.
Cooraomenus (6) SKBUBATEHTHBI IEPECTAHOBOYHBIM COOTHOUICHWUAM
[pmupn] = 2ih(5m,n+1 - 5m+1,n)

U OY€BUIHO AAIOT KBAHTOBBIX aHaaor ckoOkwm Ilyaccoma (2). Pemenwe ypas-
et (9) u (10) maercs cregyoummy GOyHKIMAME:

O(w) = eip2/4h,

1 [ et dt
r(w) = exp——j{ _

4 J_ . shrtshht t-
Cunryaspuaocts npu ¢t = 0 B nmocaegueM mHTErpaie 0O0XOAUTCA CBEPXY. 3a-
MeE€1aTe/JIbHOE CBOﬁCTBO ITUX Cl)OpMyJI — WHBAPUAHTHOCTH II0 OTHOUICHUIO K
peobpa3oBAHUIO

p—p=mn/h, h—>iL:7r2/h.
OnepaTopst
Wy, = ebr
KOMMYTHUPYIOT C OMEpaTOpamMu wy,. B TO x)e Bpems, onepaTop K, mocTpoen-
HBIX 110 HOBOU (pyHKumm omeparopa O(w), 06CIyXuBaeT OJHOBPEMEHHO 06€
aarebpbl, TaK KaK
WK = KWy_1.
A maszBax Takoe o6beAUHEHNE ABYX KOMMYTHPYIOMUX aareOp, mopOox [eHHBIX
0obpasymmuMu Wy, u Wy, MOAYIApHbBIM aybnem. OOmunr XxapakTep CTPYKTY P
MOIYJIAPHOrO AyOJs v ero poib Npu OObACHEHUN PA3HOTO POA NyATBLHOCTEN
CTAHOBATCS CO BpemeHneM Oouee scapivMu. Ho 5T0 yxke apyras mcropusd.
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