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3+1 DECOMPOSITION IN THE NEW ACTION

FOR THE EINSTEIN THEORY OF GRAVITATION

L. D. FADDEEV

Abstract. The action of recently proposed formulation of Ein-
stein Theory of Gravitation is written according to 3+1 decompo-
sition of the space-time variables. The result coincides with known
formulation of Dirac and Arnowitt-Deser-Misner.

Recently I proposed to use new dynamical variables to describe the
gravitational field [1], [2]. In [2] the new formulation was shown to
be equivalent to the classical one of Hilbert-Einstein. So the question
arises why to do such an effort. The only answer I can give now is that
I follow an old advice of Feynman — to generalize a theory one must
work it out in many guises. And there is no doubt that we need to
develop Einstein’s theory further.
In this note I continue the work in [1], [2] and develop 3+1 decom-

position of the space-time variables in the action functional. I shall
show how traditional formulas of Dirac [3] and Arnowitt-Deser-Misner
[4] appear in my formulation.
The set of dynamical variables introduced in [1], [2] consists of 40

components — 10 covariant vector fields fA
µ (x) on four dimensional

space-time M4 with coordinates xµ; thus A = 1, . . . , 10, µ = 0, 1, 2, 3.
In terms of these variables I define metric

gµν = fA
µ f

A
ν

and linear connection

Ωβ
αµ = fβA∂µf

A
α .

Here fµA(x) are contravariant vector fields

fµA = gµνfA
ν ,

where gµν is, as usual, inverse to gµν

gµσg
σν = δνµ.

As in [1], [2] I do not bother with the subtleties of the pseudorieman-
nian signature, so all scalar products are euclidean. In such situation
the separation of time and space variables x0 and xk seems somewhat
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2 L. D. FADDEEV

artificial, but I continue to follow this convention to avoid minus signs.
So I use a term “3+1 decomposition” instead of the space-time one.
The action is written more transparently via the contravariant com-

ponents

A =

∫

√
gSd4x,

where

S = ΠAB(∂µf
µA∂νf

νB − ∂µf
νA∂νf

µB)

and ΠAB is the “vertical” projector

ΠAB = δAB − gµνf
µAf νB.

The expression S defines the scalar curvature of the connection Ωβ
αµ.

The full curvature tensor

Sαβ,µν = gβγ
(

∂µΩ
γ
αν − ∂νΩ

γ
αµ + Ωσ

αµΩ
γ
σν − Ωσ

ανΩ
γ
σµ

)

is beautiffully expressed as

Sαβ,µν = ΠAB(∂µf
A
α ∂νf

B
β − ∂µf

A
β ∂νf

B
α )

and

S = gµαgνβSαβ,µν .

All these formulas include only usual partial derivatives, but they are
fully covariant with respect to the general coordinate transformations

δfA
µ = −∂µǫ

νfA
ν − ǫν∂νf

A
µ ,

where ǫν is a vector field, defining infinitesimal coordinate transforma-
tion.
In this note I shall explicitly realize the 3+1 decomposition of these

formulas in coordinates xµ = (x0, xk), k = 1, 2, 3 and refer to x0 = t
as time and to xk as space variables. The main goal is to rewrite the
action in hamiltonian-like form.
The first observation is that S contains time derivatives only linearly.

This allows to develop the reduction formalism following the general
ideas of my paper with R. Jackiw [5]. There the dynamical variables
entering the original lagrangian are divided into three classes: canon-
ical, excludable and Lagrange multipliers. To exclude the variables of
second class one is allowed to use equations of motion which do not
contain the time derivatives.
Among the equations of motion, which are derived in [2], there is

a set of equations which express the vanishing of the torsion of the
connection Ωβ

αµ

Ωβ
αµ = Ωβ

µα.
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Out of these 24 equations 12 do not contain the time derivatives

Ω0
ik = Ω0

ki, Ωl
ik = Ωl

ki

and I shall use them in the reduction of action in what follows.
The formulas I plan to derive should be covariant with respect to

coordinate transformation, generated by vector fields ǫi(x), obtained
from ǫµ(x) by restriction

ǫ0(x) = 0, ∂tǫ
i(x) = 0.

The covariant vector fields fA
k are compatible with this requirement

δfA
k = −∂kǫ

l(x)fA
l − ǫl∂lf

A
k .

Furthermore the component f 0A defines scalars

δf 0A = −ǫk∂kf
0A.

I begin by writing √
gS = Σ+H,

where Σ contains all terms with time derivatives

Σ = 2
√
gΠABgµl(∂lf

A
µ ∂tf

0B − ∂lf
0A∂tf

B
µ )

and
H =

√
ggkσglρ(∂kf

A
σ ∂lf

B
ρ − ∂lf

A
σ ∂kf

B
ρ ).

We can interpret Σ as one form using substitution

∂tf
A
µ → dfA

µ .

In this guise the action A is an explicit example of general scheme in
[5].
Now we proceed to realize the promised separation. The covariant

3-dimensional metric γik is given by

γik = fA
i f

A
k

and the components of 4-dimensional contravariant metric gµk, which
we need, can be expressed via γik, g0i, g00, which are 3-minesional
tensor, vector and scalar, correspondingly,

gik = γik +
g0ig0k

g00
.

The 4-dimensional determinant can be written as

g = γ/g00,

where γ is determinant of metric γik. We shall also see, that terms
containing fA

0 will always have the form

g00fA
0 + g0kfA

k = f 0A.
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Let us begin our rearrangement with one-form Σ. We have

Σ = 2
√
gΠAB

[

(γml +
g0mg0l

g00
)(∂lf

A
m∂tf

0B − ∂lf
0A∂tf

B
m)

+ g0l(∂lf
A
0 ∂tf

0B − ∂lf
0A∂tf

B
0 )

]

and immediately see, that terms, proportional to g0l contain combina-
tions

g0m

g00
∂lf

A
m + ∂lf

A
0 =

1

g00
∂lf

0A − 1

g00
(∂lg

0mfA
m + ∂lg

00fA
0 )

g0m

g00
∂tf

A
m + ∂tf

A
0 =

1

g00
∂tf

0A − 1

g00
(∂tg

0mfA
m + ∂tg

00fA
0 )

and the second terms in the RHS are annihilated by vertical projector
ΠAB. After this observation we see, that these terms cancel and we get
the satisfactory expression

Σ = 2
√
gΠABγkl(∂lf

A
k ∂tf

0B − ∂lf
0A∂tf

B
k ).

Let us do the same forH and separate the contributions, correspond-
ing to (σ, ρ) = (0, 0), (m, 0), (0, n) and (m,n) . The (0, 0) component
vanishes due to antisymmetry. The (m, 0) and (0, n) components coin-
cide after change of mute indeces and give

Q1 = 2
√
gΠABγlngk0(∂kf

A
0 ∂lf

B
n − ∂lf

A
0 ∂kf

B
n ).

The (m,n) contribution gives

Q2 =
√
gΠABgkmglnSAB

kl,mn,

where
SAB
kl,mn = ∂kf

A
m∂lf

B
n − ∂kf

A
n ∂lf

B
m ,

and substituting gkm via γkm, g0k, gk0 we get Q2 = Q3 +Q4, where

Q3 =
√
gΠABγkmγlnSAB

kl,mn

and

Q4 = 2
√
g
g0k

g00
γlng0mSAB

kl,mn.

Combining Q1 and Q4 and using the same trick as before we get

Q1 +Q4 = 2
√
g
g0k

g00
ΠABγln(∂kf

0A∂lf
B
n − ∂lf

0A∂kf
B
n ).

Thus we get

H = T0 + T1

T1 = Q1 +Q4, T0 = Q3

and their expressions are satisfactory also.



3+1 DECOMPOSITION 5

Now it is time to reduce the vertical projector ΠAB. We have

ΠAB = δAB − gµνfA
µ f

B
ν =

= δAB − gikfA
i f

B
k −−gi0fA

i f
B
0 − g0kfA

0 f
B
k − g00fA

0 f
B
0 =

= δAB − γikfA
i f

B
k −

(g0ig0k

g00
fA
i f

B
k + g0kfA

0 f
B
k +

+ gi0fA
i f

B
0 + fA

0 f
B
0 g00

)

.

The first two terms define the 3-dimensional vertical projector and the
last can be rewritten as

1

g00
(g0ifA

i + g00fA
0 )(g

0kfB
k + g00fB

0 ) =
1

g00
f 0Af 0B.

Thus we have

ΠAB = δAB − γikfA
i f

B
k − 1

g00
f 0Af 0B.

Let us mention, that the last term has proper normalization because

f 0Af 0A = g00.

Now I substitute this expression for ΠAB into Σ, H0 and Hk.
Begin with Σ: we get three contributions according to the form of

ΠAB. The first is

Σ1 = 2
√
gγkl(∂lf

A
k ∂tf

0A − ∂lf
0A∂tf

A
k ).

The last factor can be rewritten as

∂t(∂lf
A
k f

0A)− ∂l(∂tf
A
k f

0A) = ∂tΩ
0
kl − ∂lΛk,

where I remind the notation for Ωβ
αµ and denote

Λk = ∂tf
A
k f

0A.

Thus we have
Σ1 = 2

√
gγkl(∂tΩ

0
kl − ∂lΛk).

The first term here is quite satisfactory, it is almost of Darboux form.
Now consider the second term

Σ2 = −2
√
gγklγmn

[

(fA
m∂lf

A
k )(f

B
n ∂tf

0B)− (fA
m∂lf

0A)(fB
n ∂tf

B
k )

]

=

= 2
√
gγklγmn

(

ωm.klΛn − (fB
n ∂tf

B
k )Ω0

ml

)

.

Here I used the orthonormality of fA
k and f 0A to rewrite

fB
n ∂tf

0B = −∂tf
B
n f 0B = −Λn

and
fA
m∂lf

0A = −∂lf
A
mf

0A = −Ω0
ml
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and introduce the 3-dimensional connection

ωm,kl = fA
m∂lf

A
k .

Finally the third contribution is given by

Σ3 = −√
gγkl 1

g00
[Ω0

kl∂tg
00 − ∂lg

00Λk],

where I used that

f 0A∂tf
0A =

1

2
∂tg

00, f 0A∂lf
0A =

1

2
∂lg

00.

Let us collect all contrbutions containing Λk

Λ = 2
√
gγkl

(

−∂lΛk + ωm
klΛm +

1

2

∂lg
00

g00
Λk

)

and compare it with

∂l(
√
gγklΛk) = ∂l

(

√
γ

√

g00
γklΛk

)

=

=
√
g
(

ωm
ml −

1

2

∂lg
00

g00
)

γklΛk +
√
g∂lγ

klΛk +
√
gγkl∂lΛk.

Using the vanishing of covarinat derivative of γkl

∂lγ
kl + ωk

mlγ
ml + ωl

mlγ
mk = 0

we get

Λ = −2∂l(
√
gγklΛk) + 2

√
gγklΛk(ω

m
ml − ωm

lm).

The second term in the RHS disappears due to mentioned above time-
independent equations of motion. Indeed we have

Ωm
ik = fmA∂kf

A
i = gmσfA

σ ∂kf
A
i =

=
(

γmn +
gm0gn0

g00
)

fA
n ∂kf

A
i + gm0fA

0 f
A
i = ωm

ik +
gm0

g00
Ω0

ik

and ωm
ik is symmetric to interchange i ↔ k together with Ωm

ik and Ω0
ik.

Thus the full contribution containing Λk is a pure divergence and
can be omitted.
Consider now the expression

γklγmnΩ0
ml(f

A
n ∂tf

A
k ).

Due to symmetry of Ω0
ml it can be rewritten as

1

2
γklγmn(fA

n ∂tf
A
k + fA

k ∂tf
A
n )Ω

0
ml = −1

2
∂tγ

mlΩ0
ml.
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Using this we have

Σ =
√
g
(

2γkl∂tΩkl + ∂tγ
klΩ0

kl − γklΩkl

∂tg
00

g00
)

=

= qkl∂tΠkl + ∂t(
√
gγklΩkl),

where

qkl = γγkl, Πkl =
1

√

γg00
Ω0

kl.

The second term can be dropped and we obtain the canonical expres-
sion for the one form Σ. The normalization of canonical pairs — qik as
contravariant density of weight 1 and Πik as covariant density of weight
−1/2 — appeared first in the paper of Schwinger [6]. I used it in the
survey [7].
Let us turn now to H. First take T1

T1 = 2
√
g
gk0

g00
ΠABγlm(∂kf

0A∂lf
B
m − ∂lf

0A∂kf
B
m)

and consider three contrbutions according to form of ΠAB.
In the first we use

∂kf
0A∂lf

A
m − ∂lf

0A∂kf
A
m = ∂k(f

0A∂lf
A
m)− ∂l(f

0A∂kf
A
m) =

= ∂kΩ
0
ml − ∂lΩ

0
mk.

In the second we get

− γpq
[

(fA
p ∂kf

0A)(fB
q ∂lf

B
m)− (fA

p ∂lf
0A)(fB

q ∂kf
B
m)

]

=

= ωp
mlΩ

0
pk − ωp

mkΩ
0
pl.

Finally in the third term we have

− 1

g00
[

(f 0A∂kf
0A)(f 0B∂lf

B
m)− (f 0A∂lf

0A)(f 0B∂kf
B
m)

]

=

= −1

2

∂kg
00

g00
Ω0

ml +
1

2

∂lg
00

g00
Ω0

mk.

Combining all together we get

T1 = 2
gk0

g00
√
gγlm

[

∂kΩ
0
ml − ∂lΩ

0
mk −

1

2

∂kg
00

g00
Ω0

ml+

+
1

2

∂lg
00

g00
Ω0

mk + ωp
mlΩ

0
pk + ωp

mnΩ
0
pl

]

.

Taking into account symmetry of ωp
ml and Ω0

pl this can be written as

T1 = λk
Hk,
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where we introduce Lagrange multipliers

λk =
g0k

g00

and

Hk = 2
[

∇k(q
mlΠml)−∇l(q

mlΠmk)
]

.

Finally consider T3 and take into account, that the first two terms
in ΠAB give 3-dimensional analogue of the vertical projector. Its con-
tribution to T0 is

√
gγkmγlnΠAB(3)SAB

kl,mn =
√
gS(3),

where S(3) is scalar curvature of metric γik and connection ωm
nl. The

last term in ΠAB gives

−f 0Af 0B

g00
SAB
kl,mn = − 1

g00
(Ω0

mkΩ
0
nl − Ω0

nkΩ
0
ml).

With this T0 can be rewritten as

T0 = λ0H0,

where Lagrange multiplier λ0 is given by

λ0 =

√
g

γ
=

1
√

g00γ
=

1
√
gg00

and

H0 = γS(3) − qkmqln(ΠkmΠln −ΠlmΠkn).

This finishes calculations in this note. Let us remind that in it we
used the change of 40 variables fA

µ to the set (fA
k , f

0A, g00, g0k). Super-
ficially we have here 44 components, however we have 4 constraints

fA
k f

0A = 0, f 0Af 0A = g00.

The main result is the formula for the action in 3+1 decomposition

A =

∫

d3x

∫

dt(qik∂tΠik + λ0
H0 + λk

Hk),

which coincides with formulas of Dirac and ADM. Thus it is shown
once more, that my proposal is equivalent to the classical formalism of
Hilbert-Einstein.
However, as I already said in the beginning, this formulation could be

a point of departure for the generalization not evident in the classical
formulation.
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